hypothesis by Bokut in [8] . For non-crystallographic Coxeter groups, Jeong-Yup Lee and Dong-IL Lee [16] calculated the Gröbner-Shirshov bases in 2018.
In this paper, we focus on the Coxeter groups of types G 2 , F 4 , E 6 , E 7 and E 8 . We rearrange the generators of Coxeter groups to reduce time in computing, get a simple presentation of Gröbner-Shirshov bases of the Coxeter groups of types G 2 , F 4 , E 6 and E 7 , and obtain the Gröbner-Shirshov basis of the Coxeter group of type E 8 . In Section 2, we introduce the Gröbner-Shirshov bases theory. The Gröbner-Shirshov bases for Coxeter groups of type G 2 , F 4 , E 6 , E 7 , E 8 will be set out in Section 3 and Section 4. The computation is based on the the Non Commutative Algebra Packages run under Mathematica made by Bill Helton and Mauricio de Oliveira at [14] .
Preliminaries
Let K be a field, K X be the non-commutative polynomial algebra generated by X where X = {x 1 , ..., x n } is a finite set. Let X * = {u|u = x i 1 ...x im , m ≥ 0, i 1 , ..., i m ∈ {1, ..., n}} be the monoid generated by X , and define the identity by the empty word which is denoted by 1. Denote the degree of a word w ∈ X * by |w|. Definition 2.1 A total order σ on the set X * is called well-ordering, if every non-empty subset of X * has a minimal element under the order σ .
The deg-lex order on the X * is defined as follows:
Example 2.4 For the set X = {x 1 , x 2 , x 3 }, under the deg-lex order, we have
obviously, under the deg-lex order, X * is a well-ordering set, and the deg-lex order is monomial.
Under the monomial order σ on X * , every polynomial f ∈ K X can be uniquely represented as
Definition 2.5 • The monomial c 1 w 1 is called the leading term of f with respect to σ and denoted by LT σ (f ).
• c 1 ∈ K \ {0} is called the leading coefficient of f with respect to σ and denoted by LC σ (f ).
• w 1 ∈ X * is called the leading word of f with respect to σ and denoted by
Definition 2.6 For g ∈ K X , w ∈ X * , the K−module endomorphism
is called a reduction by g.
For a subset S = {g 1 , ..., g n } ∈ K X , f ∈ K X is called a monomial which can be reduced to 0 by S, if f can be reduced to 0 by a finite sequence of reduction r 1 , r 2 , ..., r m (r i ∈ {r g |g ∈ S}). Then denote it by f S − → 0. If not, we denote it by
Definition 2.7 Under a monomial order σ on X * , given two monic polynomials
is called the composition set of f and g.
Remark Generally, (f , g) is not equal to (g, f ) .
Under a monomial order σ , let S be a subset of {g ∈ K X |LC(g) = 1}, the ideal generated by S is denoted by Ideal(S).
Definition 2.8 S is called then Gröbner-Shirshov basis of Ideal(S) under the monomial order σ , if ∀f , g ∈ S, all the elements of (f , g), (g, f ) can be reduced to 0 by S. Now,we give the Shirshov algorithm about calculating the Gröbner-Shirshov basis. If ∀f , g ∈ S, all the elements of (f , g), (g, f ) can be reduced to 0 by S, then S is the Gröbner-Shirshov basis of Ideal(S) under the monomial order σ ; If not, we add the elements of the composition set which can not be reduced to 0 by S, and we get the set S 1 . Repeat the process ,we get S ⊂ S 1 ⊂ S 2 ⊂ .... If we get a set S m satisfiying that ∀f , g ∈ S m , all the elements of (f , g), (g, f ) can be reduced to 0 by S m , then we denote S m = S c , and have that Ideal(S c )=Ideal(S). The set S c is exactly the Gröbner-Shirshov basis of Ideal(S). This process is called Shirshov algorithm. It's worth to mention that m is not always finite and S m is not always a finite set.
Let A = sgp X|R be a semigroup presentation. Under a monomial order σ ,
The ideal generated by S is denoted by Ideal(S). The set S c got by Shirshov algorithm is called the Gröbner-Shirshov basis of the semigroup A. 
of S c −reduced words consists of a linear bases of the algebra X|R which is the factor-algebra of K X by the ideal generated by R.
We focus on finite Coxeter groups. By [10] , the Coxeter-Dynkin diagram of any irreducible finite Coxeter group is ismorphic to one of the diagram in Figure 1 . For the Coxeter groups of the types A n , B n , D n , Bokut computed the Gröbner-Shirshov bases in [8] . We will set out the Gröbner-Shirshov bases for the coxeter groups of the types G 2 , F 4 , E 6 , E 7 and E 8 in the following sections.
It is significant that the presentation of group determines the computation of the Gröbner-Shirshov bases under the fixed order. In the following sections, we fix the deg-lex order and mark the generators x i on Coxeter-Dynkin diagrams. Thus we get a new presentation of Coxeter groups, and get the Gröbner-Shirshov bases in simple forms.
3 Gröbner − Shirshov bases of the Coxeter groups of the type
For the Coxeter group of type G 2 , we marked the generators on the Coxeter-Dynkin diagram of G 2 which is as Figure 2 . This means that the initial relations are
After the computation on Mathematica, the Gröbner-Shirshov basis of the Coxeter group of the type G 2 is as follows:
As the same, for the Coxeter group of type F 4 , we marked the generators on the Coxeter-Dynkin diagram of F 4 which is as Figure 3 . This means that the initial relations are
After the computation on Mathematica, the Gröbner-Shirshov basis of the Coxeter group of the type F 4 is as follows: This means that for the Coxetet groups of the types E n , we have the initial relations as follows:
Let n = 6, 7, 8, they are initial relations of finite Coxeter groups of types E 6 , E 7 and E 8 . We denote that
And we obtain the following Gröbner-Shirshov bases via the computation on Mathematica:
The Gröbner-Shirshov basis of the Coxeter group of the type E 6 is as follows:
The Gröbner-Shirshov basis of the Coxeter group of the type E 7 is as follows: 
The Gröbner-Shirshov basis of the Coxeter group of the type E 8 is as follows: Remark For the Coxeter-Dynkin diagram of E n which is as Figure 4 , let n = 9, it is actually the affine Coxeter group E 8 . The presentation of group E n we defined can also be used to calculate the Gröbner-Shirshov basis of affine Coxeter group E 8 via Mathematica.
